The strain energy per unit area for a deformed sheet of elastic material is estimated by representing the deformation as a power series in the thickness variable. The membrane energy is the lowest-order approximation obtained in this way. Straingradient and bending energies appear in the next order of approximation.
Introduction.
The theory of finite deformations of thin elastic membranes is based on a strain energy per unit initial area M{v a) that depends on the first derivatives of the deformation, r(x\,x2)-A form of plate theory [1] is obtained by using an energy density of the form £' = M(ri(l)+oQ(r0,r,ab), (1.1) where a is a positive parameter and Q is a quadratic function of the second derivatives r at,. In a previous paper [2] we have discussed the derivation of M and Q from the strain energy per unit initial volume W for the bulk material from which the membrane is formed. We continue this discussion in the present paper and obtain a form of Q that we believe to be more accurate than the form found previously.
The derivation of M from W is straightforward [2] , but the resulting form of M naturally leads to a stress-deformation relation that allows the stress to be compressive for some values of r a. The Legendre-Hadamard material stability condition for M is violated for such values of r a; so such values can never appear in a stable solution of any problem. For this reason, it is possible to pose boundary-value problems that have no stable solution at all. The physically observed deformation in such a problem is one in which the membrane is wrinkled; so it is natural to expect that existence of stable solutions might be restored by including a bending energy aQ that depends on the second derivatives r,af,.
For the energy (1.1), the Legendre-Hadamard condition becomes a requirement on Q, rather than M, Q{r a,uvavb)>0 for all u and va. (1.2)
As a minimal requirement, we want (1.2) to be satisfied for all r a. The theory is simpler in some respects if Q satisfies the strong ellipticity condition, This is not required for stability, but if it holds, existence of solutions is relatively easy to prove. Remarkably, the regularization achieved by adding the term aQ is independent of the size of a, provided that, it is positive, so the theory can be put into a well-posed form by adding an energy that is usually negligible. We conjecture that in the limit of small a the detailed form of Q will have a negligible effect on the average deformation, although it presumably will affect the details of fine-scale wrinkling.
In spite of this conjecture, we are interested in finding the form of Q that best corresponds to a given energy density W for the bulk material. We have attempted to do this in an earlier paper [2] . The form of Q that we obtained there has the attractive feature that it satisfies (1.2) whenever the corresponding condition for the bulk material is satisfied. However, this form disagrees with classical plate theory in the infinitesimal deformation limit, because it overestimates the bending stiffness of the material. In the present paper we obtain a form of Q that does not have this defect, but its derivation is less straightforward.
Our notation is explained in Sec. 2, and in Sec. 3 we record some relations satisfied by the membrane energy function M. The Legendre-Hadamard condition for membranes is discussed in Sec. 4.
In Sec. 5 we express the deformation of a thin slab as a power series in the coordinate z in the thickness direction, and determine the low-order coefficients in this expansion by requiring the stress to vanish on both faces of the slab. The energy per unit area M + aQ is then obtained as a low-order approximation to the integral of W through the thickness. For materials that have reflectional symmetry in the normal direction, Q separates naturally into the sum of a bending term B and a strain-gradient term S.
Then in E = (M + aS) + aB, (1.5) the strain-gradient energy aS appears as a modification of the stretching energy M, while the bending energy aB involves a new kind of effect.
We propose to omit the strain-gradient term aS and use E = M + aB.
(1-6) This is in effect what is done in classical plate theory, where there are known straingradient terms that are simply omitted (Love [3] ; see also [1] ). In Sec. 6 we show that this step is necessary, and not merely convenient, because the form Q = S + B does not satisfy (1.2). Because of the term aS in (1.5), there is instability whenever the stress is compressive in some direction, just as there was when M alone was used. On the other hand, the bending term B does satisfy (1.2) provided that certain longitudinal moduli are nonnegative. The form (1.6) satisfies (1.2) but not the strong ellipticity condition (1.3). In Sec. 6 we show that a slight modification of B produces a form Bm that does satisfy (1.3), at the cost of adding a fictitious strain-gradient energy that is stabilizing rather than destabilizing.
In Sec. 7 we show the forms that M, B, and Bm take for deformations that involve large displacements and rotations but small strains, for isotropic materials. We verify that the forms of M and B found here agree with classical plate theory when the deformation is infinitesimal. The modified form Bm is positive definite; so existence of stable solutions can be guaranteed when Bm is used.
Notation.
We consider a thin sheet of homogeneous elastic material that is initially bounded by the planes x-j = ±/i in a system of Cartesian coordinates xa [A -1,2,3).
In a deformation of the sheet, the particle initially at xa moves to the place t*{xa) = r*(xA)ei, where e, (i = 1,2,3) are orthogonal unit vectors. We usually use direct vector and dyadic notation, so that if u = u^e, and v = i^e,, uv is the matrix with components UiVj.
The strain energy W per unit initial volume is a function of the deformation gradients r*A. The derivative of W with respect to r*A is the vector W A=eidW/drlA, (2.1) and the second derivative is the matrix
Note that Wba is the transpose of W^g. W depends on the deformation gradients through their inner products,
and we treat W as a function of the strain components Eab defined by this relation. All functions of Eab are conventionally regarded as being expressed symmetrically in Eab and Eba before taking derivatives. We use the notation
Write X3 = z, so that the particle labels are xa (a = 1,2) and z. Let r(xa) be the average of r*(xa,z) through the thickness of the sheet. The membrane energy function M to be defined in Sec. 3 is a function of the deformation gradients rOJ and we use notation like (2.1) and (2.2) for derivatives with respect to these variables, 3. The membrane energy function. The membrane energy function M(r,Q) corresponding to the energy density W'(r a,r3) for the bulk material is defined as [2] M(r ") = min 2hW(r a, r 3). so that t* • v* = tava = 0, using (2.14). The arc rfx = t ds is carried by the deformation onto the arc dr = t* ds, and v* is perpendicular to dr. Now consider a family of deformation gradients r.Q + kuva. For all values of the parameter k, dr is still t* ds, but the deformation off this arc is altered. The energy density can be expanded in powers of k as M(r a + kuva) = M(r a) + fc(Mai>a) • u + \k2u • {Mabvavb) • u + 0{ks).
(4.
2)
The Legendre-Hadamard condition states that if the deformation r(x) is even weakly stable, the coefficient of k2 here is nonnegative for all u and va: In Sec. 6 we show that these longitudinal moduli are the only ones that are important in connection with the Legendre-Hadamard conditions for bending theory. where Q is the quadratic form in f a and g written out in (3.7). All derivatives of W are evaluated at (r.a,f), and the term in W3 is missing from (5.9) because W3(r.a,f) = 0.
By integrating (5.9) through the thickness of the sheet we obtain an expression for the energy per unit initial area, E= f Wdz = M(v,a) + f^Q(v,a,r,ab)+0(hi).
(5.10)
Here M and Q are defined by (3.2) and (3.10), respectively. Hereafter we neglect the 0(/i4) term. We restrict attention to materials that have reflectional symmetry in the planes X3 = constant. From (2.5), the condition W3 = 0 that determines f is equivalent to W3A = 0. For materials with reflectional symmetry this implies that = 0, so f = <fin where n is the normal vector defined by (2.12) [2] . Also, in terms of W(Eab, E3a, £733), The quantities n • r ab are curvatures, and we call B the bending energy. Since 4> is a function of the strains Eab, its derivative <j>_a depends on the strain gradients Ebc,a, and we call S the strain-gradient energy.
6. Material stability conditions. As we saw in Sec. 4, the Legendre-Hadamard material stability condition is not satisfied by the membrane energy function M(r a) for any value of r.a for which the stress in some direction is compressive; so such values of r,a can never arise in a weakly stable solution of any problem.
To avoid the nonexistence difficulties that this causes, we wish to replace M with an energy function of the form (1.1), for which the stability condition (1.2) is a condition on Q rather than M. The function Q obtained in Sec. 5 does not satisfy this condition for all r.a. For, if we choose u to satisfy u • n = 0, then when r,a(, = uvavb the curvatures n • rare all zero and thus Q = S. But <f>%a can still be given arbitrary values by choice of u and va [2] , and from (5.16), the condition that S is nonnegative for all fp.a is just exactly the condition (4.5) that the stress is noncompressive.
Thus the higher-order theory predicts instability whenever the stress is compressive, just as the lower-order theory did.
To obtain a higher-order theory that does satisfy (1.2), one possibility is simply to omit S and use E = M(ra) + aB(ra,r.oi,), (6.1)
where a = h2/6. This is in effect what is done in classical plate theory [1, 3] . With B given by (5.17), the Legendre-Hadamard condition becomes 2) and from (4.7) we see that this is satisfied if the longitudinal modulus M" is positive for every direction of stretching. and this is satisfied if M" > 0.
B"( is the sum of B and a fictitious strain-gradient energy. This is seen by using (2.15) to obtain r.ab • r.cd = (n • r a6)(n • r cd) + Gpq{r.p ■ r a6)(r , • r crf).
(6.5)
The factors r ;) • r,a& in the final term can be expressed in terms of strain gradients. Consequently, Bm still accounts for bending stiffness correctly. The condition (3.3), with (2.5), requires that W-ja = 0. These conditions imply that E'ia = o and E-s3 = ~Y~^Eaa-t7'3)
By using these values in (7.1) and multiplying by 2h, we obtain
where C is the notation used by Love [3] for the quantity C = 2hE/{l -v2).
(7.5)
To evaluate B we no longer need W, but only M. We need the quantities The value (j>2 is (j)1 = 1 + 2£33 = 1 ---^Eaa, (7.8) from (7.3). These values are to be used in (5.17).
The form (7.1) for W remains valid for deformations that involve large displacements and rotations, provided that the strain components E,\b are small enough to neglect cubic and higher-order terms. We shall simplify the expression for B in the same way, by retaining only the terms of leading order. From (7.8), </> = 1 to leading order. From (2.17), with (7.6) and (7.7), M*bcd is the same as M0j-jccj to leading order. With these Bm also leads to equilibrium equations that are simpler than those derived from B [1] .
We have shown in an earlier paper [1] that the energy E = M + {h2/6)B, (7.11) with M and B given by (7.4) and (7.9), reduces to the form used in classical plate theory when all displacement gradients are small. The modified form obtained by replacing B
with Bm was also discussed, and it was found that the extra strain-gradient terms in B", give rise to boundary-layer effects at the edges of the plate.
